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Correction: New Stiff Matter Solutions Are Really
Not Stiff
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Four new solutions in general relativity have recently been derived as representing
static spherically symmetric stiff matter, p = p. It is pointed out that the equation
of state is, in fact, p+p=0. It is further shown that two of the solutions are
physically reasonable, turning out to represent the vacuum, one of them with a
A term.

Recently, one of us (Hajj-Boutros, 1989) presented four new exact
solutions to the Einstein field equations which are static and spherically
symmetric. Because of a missing minus sign in the expression for the energy
density p, the equation of state appeared as that for stiff matter, p = p.
Correcting this mistake, we point out that the equation of state for these
solutions is, in fact, p + p = 0. Since this rectification affects the characteris-
tics of the solutions derived therein, here we reexamine each of them. It
turns out that two of the four solutions are physically reasonable. The first
is equivalent to the exterior Schwarzschild solution. The other leads to a
constant pressure throughout the fluid, and thus could represent a vacuum
solution to the field equations with a A term.

Using isotropic coordinates, one finds that the static spherically sym-
metric metric has the form

ds’= e do? - e*\” dr’ (1)
where
do? = dr*+ r*(d8*+sin® 0 do?)
For a perfect fluid, the energy density is then given by
N A/Z ZAI
8mp=—e M A +—+"— (2)
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The minus sign was missing in equation (2.5), and consequently in equation

(2.10), of Hajj-Boutros (1989). It is now clear that the solutions presented

there correspond to the equation of state p + p =0, and not stiff matter p = p.
Four solutions are given by

-2 2/a
a_Jr7ch”*(alogr+B) i
—{r'zshz/“(a logr+B) @=zor-1 (3)
where B is an arbitrary constant.
Upon simplification, (3) reduces to
1 >\ 17"
e’\=[55(1:t;2;)] , a=3or—1, b=e" (4)

This leads to the following simplified expressions for the metric and energy
density, respectively:

- _1__ _bf—)]Z/a - (I:FbZ/r2nz)2 ,

ds —[2b(1i e do*—-4 T=b dt (5)
ra b2 —2(a+1)/

87Tp=—877p=i(1—2a)[-2-5(1:t;§)] (6)

We now consider the two cases corresponding to the two values of «.

1. @ =1/2. From (6) we find p =p =0, i.e., the two solutions represent
the vacuum. It is then interesting to check whether any of them represents
flat spacetime or the Schwarzschild exterior solution. Equation (5) reduces

to
1 4 b2 4 l:FbZ/r 2
ds’=(— +—1 d 2—4( ) ar’ 7
s <2b) (1 r) 7 1+b%/r )
Applying the transformation ¢t - t/2, r- 4b*r, the metric (7) takes the form
1\* 1F1/(4n\>
ds® = 1i~—) d 2—(————— ar’ 8
g ( ar) 7 "\1z1/@ar) ®

The solutions (7) are thus transformed into the Schwarzschild exterior metric
in isotropic coordinates with mass parameter m = +1/2, respectively (see,
e.g., Kramer et al., 1980). The solution with lower sign is obviously un-
physical, since it represents the gravitational field due to a negative mass.

2. a=-1. In this case (5) and (6) reduce, respectively, to
4b* 17 b7\
2_ 2_ _— 2
ds Azb7) do 4<1 " b2r2) dt 9)

8mp =—8mp =3 (10)
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Hence, the solutions represent a perfect fluid with constant pressure and
density. Note that this result could have been anticipated from the equation
of motion T*, =0, which reduces, in the metric (1), to the equation

p'+(ptp)y'=0

It is obvious that p+p =0 implies p = —p = const. Again the solution with
lower sign is unphysical because of the negative energy density appearing
in (10).

On the other hand, a distribution with constant pressure is only conceiv-
able for p =0, namely dust and vacuum. Accordingly, for the solution with
upper sign in (9) and (10) we substitute p —3/8# for p and p+3/87 for p
into the energy tensor. It turns out that the solution could represent a
vacuum solution to the Einstein field equations with a A term, where
A =3/8a. Note that the above modification cannot apply to the solution
with lower sign, since it will lead to a negative value for A.

In conclusion, the two physically reasonable solutions turn out to be
vacuum solutions, one of them with a A term. The problem for a static
spherically symmetric stiff matter is yet unsolved.
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